ENERGY QUANTIZATION FOR YAMABE'S PROBLEM IN 
CONFORMAL DIMENSION 



FETHI MAHMOUDI 

Abstract. Riviere 1111 proved an energy quantization for Yang-Mills fields 
defined on n-dimensional Riemannian manifolds, when n is larger than the 
critical dimension 4. More precisely, he proved that the defect measure of 
a weakly converging sequence of Yang-Mills fields is quantized, provided the 
W^'^ norm of their curvature is uniformly bounded. In the present paper, we 
prove a similar quantization phenomenon for the nonlinear elliptic equation 

-A« = «|?i|4/("-2), 

in a subset S7 of R". 



1. Introduction 
Let Q, be an open subset of R" with n > 3. We consider the equation 

We will say that u is a weak solution of 1)1. l|l in fJ, if, for all $ G C°"{Vl) with 
compact support in f2, we have 

- / /^^x)u{x)dx^ I ^{x)u{x)\u{x)\'^/^'^-'^Ux (1.2) 



If in addition u satisfies 

dx^O (1.3) 



dxi dxj dxi 2 dxi 2n dxi 



for any $ = (<i>^, <I>^ . . . , $") G C°°(ri) with compact support in fi, we say that u 
is stationary. In other words, a weak solution u in H"'^(ri) n L^"^^""^-* (il) of (|1.1() 
is stationary if the functional E defined by 

Eiu) = 1 f \yuf + ^ / |u|2"/(n-2) 



2 7o 2n 
is stationary with respect to domain variations, i.e. 

^(i?(wt))|t=o=0 

where ut{x) = u{x + t$). It is easy to verify that a smooth solution is stationary. 
In this paper we prove a monotonicity formula for stationary weak solution u in 
n L2"/("-2)(n) of (|ni) by a similar idea as in "SI. More precisely we have 
the following result. 
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Lemma 1.1. Suppose that u G L2"/("-2) (17) nH^ (f]) is a stationary weak solution 
of 1)1. Consider the function 

Eu{x,r)= [ /■ u^ds + r-^ f u^ds. 

J B{x,r) "r JgB{x,r) J B(x,r) 

Then r h-s- Eu{x,r) is positive, nondecreasing and continuous. 

This monotonicity formula together with ideas which go back to the work of 
Schoen j^, aUowed to prove the foUowing result. 

Theorem 1.2. There exists e > and Tq > depend only on n such that, for any 
smooth solution u £ /f^(ri) n i^"/'"~^)(rj) of (|l.l|l . we have: For any xq G ^, if 



\Vuf + |u|2"/(n-2) < 

I B{xo,ro) 

then 

„ „ C'Ce) 

hlU°°(B.(.o)) < ^(„-2)/2 r<ro, 

where -Br(xo) is the ball centered at xq with radius ^ , and C(e) — > as e —>■ 0. 

Zongming Guo and Jiay Li [S] studied sequences of smooth solutions of 
having uniformly bounded energy, they proved the following result. 

Theorem 1.3. Let Ui he a sequence of smooth solutions of such that 

\Wi\\H^{n) + ||uj||i2,./(„-2)(n) 

is hounded. Let Uoo be the weak limit of Ui in H^{n) n£^"^^""^-'(r2). Then Uoo is 
smooth and satisfies equation outside a closed singular subset E offl. More- 

over, there exists ro > and Sq > such that 

S — no<r <ro{2; G ^ ■ liminf i?u;(a;, r) > £o}- 

We define the sequence of Radon measures 

2 2n 

Assumption that the sequence (|| Viti||jji(.j2^ + ||ui||L2„/(,i-2)(Q))i is bounded, and up 
to a subsequences, we can assume that rji ^ rj in the sense of measures as i — > oo. 
Namely, for any continuous function (f> with compact support in Q 



% — ^oo 



lim / dr/i — (j) d-rj. 
I n Jn 



Fatou's Lemma then implies that we can decompose 

, 1 ,„ ,2 n — 2, ,_2n_, , 

rj = {-\Vu\' + ——\u\--)dx + iy 
2 2n 

where v is a, nonnegative Radon measure. Moreover, we prove that v satisfies the 
following lemma. 

Lemma 1.4. Let 5 > Q such that Bg d ^. Then we have 

(i) S C spt{iy) 

(ii) There exists a measurable, upper-semi-continuous function Q such that 

iy{x) ^ Q{x)H°lT., forxGJ:. 
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Moreover, there exists some constants c and C > (only depending on n and fl) 
such that 

ceo < B(a;) < C H° - a.e. in S 
where H'^ [E is the restriction to S of the Hausdorff measure and Q is a measurable 
function on E. 

The main question we would like to address in the present paper concerns the 
multiplicity Q of the defect measure which has been defined above. More precisely, 
we have proved the following theorem. 

Theorem 1.5. Letv be the defect measure of the sequence (|V?^,:|^ + |ui|^"/'^"^^')(ia; 
defined above. Then v is quantized. That is, for a.e a; G E, 

Q{x) = W^^^Mnn) + \WA'^'}n::\n) (1-4) 

where is a positive integer and where the functions Vx,j are solutions of Aw + 
V "-2 ~ which are defined on M", issued from (uii) and that concentrate at x as 
i oo. 

The sentence "issued from (u;') and that concentrate at x as i ^ oo" means 
that there are sequences of conformal maps ■0] , a finite family of balls (_B' j)i such 
that the pulled back function 

satisfies 

Uij^vj strongly in L^{M.'' \UiBlj)), 
Vu^j^Vvj strongly in L^(M" \ UfS- j)) 

In the context of Yang-Mills fields in dimension n > 4 a similar concentration 
result has been proven by Riviere More precisely, Riviere has shown that, 

if {Ai)i is a sequence of Yang-Mills connections such that (|| V^Va-^a ||Li(s;*))i is 
bounded, then the corresponding defect measure v — QTC^"'^ [E of a sequence of 
smooth Yang-Mills connections is quantized. 

The proof of Theorem 11.51 uses technics introduced by Lin and Riviere in their 
study of Ginzburg-Landau vortices |10| and also the technics developed by Riviere 
in These technics use as an essential tool the Lorentz spaces, more specifically 
the duality [Tl) . 

This paper is organized in the following way: In Section 2 we establish first 
a monotonicity formula for smooth solutions of problem (|1.1() which allows us to 
prove an e-regularity Theorem. Then, we prove Theorem 11.21 and Lemma 11.41 
While Section 3 is devoted to the proof of our main result, Theorem ll.5l 

2. A MONOTONICITY INEQUALITY 

In this section, we establish a monotonicity formula for smooth solutions of 
problem (|l.l|l . Using Pohozaev identity: Multiplying 11. 1|) by Xi-^ (summation 
over i is understood) and integrating over B(x,r), the ball centered at x of radius 
r, we obtain 

x,^Audy = -f .,^.H^/("-)d, 

JB(x,r) JB{x,r) ^^i 



4 



F. MAHMOUDI 



EJDE-2006/71 



By Green formula, we get 
n-2 



\2n/ {n- 



n-2 



B(x,r) 



B{x 



IVul^dy 



n-2 
2n 



dB{x,r) 



^|2„/(„-2) ^^^^^ 



Wurds 



dB(x,r) 



(2.1) 



JdB(x,r) Of 



ldB(x,r) 

On the other hand, muhiplying Hl.l|l by u and integrating over B{x,r), we get 

du 



B(x,r) 



{x,r) 



u—ds = 
or 



B(x,r) 



\u\^n/(n-2)^y (2.2) 



Deriving (|2.2|l with respect to r, we obtain 

/ \Vu\''dy--^ [ u^ds= [ 

JdB{x,r) "'f JdB{x,r) '^r Jg 

Combining (jSHI, (j^ and we get 

|^|2n/(„-2)^^ 



dB{x 



ip"/("-2)dy (2.3) 



JdB{x.r) 
2 dr JgB{x,r] 

Moreover, we have that 



du 

u— as ~ r 
or 



dB(x,r) 



|_| + , u-ds. 



dr^ 



dB{x,r) 



ds) = — (2 
dr 

-(n-1) 

+ 2— 

dr 

n — 1 



dB{x,r) 

2 



9u n — 1 
M-r- H 



ds) 



+ 2 



dr 



aB(2:,r) 
dB(x,r) 

r 

dB(x,r) 
dB(x,r) 



f JdB{x,r) 
du ,n — 1 1 

u^ds + [ — -) 

or "I- "I- JdB(x,r) 

du 
u— ds 
dr 

du n — 2 . ., 
u— ds H / u ds 

dr 



u ds 



r JaB{x,r) 



du , 
u— ds. 

dr 



Hence 



n dr JB(x,r) n dr^ Jg 



ds 



dB(x,r) 

,du,r, 2n — 3 du (n — l)(n — 2) , , 
' ' -u— + 9 -r^ u^)ds. 



dB(x.r) 



dr 



2r dr 
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Moreover 



d 1 
dr r 



dB(x,r) 



u^ds) 



1 

'"^ JdB(x,r) 

n-2 



u ds -\ — 
r 



dB{x,r) 



du , n — 1 

u—ds H — 

or r-^ 



u ds 



dB(x,r) 



dB{x,r) 



2, 2 /• du^ 
u ds H — / u—ds. 
r JdB{x,r) dr 



We obtain 
d_ 
dr 



B(x,r) 



ld_ 
n dr 



dB{x,r) 



1 1 

n r 



M^ds 



dB(x,r) 



|^P + („-2).-..|^| + — 



= / 

JdB{x,r 

f ,du n — 2 1 ,9 , 
= / ^ + -^r-^ufds > 

JdB(x.r) or 2 



^ du (n-2)2 _2 



ldB(x,r 

We conclude that 



Eu{x,r) = -I \ufn/in-2)^y^ld r ^2^^^}_^-lf ^2^^ (2.4) 

^ JB{x,r) " JB(x,r) ^1 J B{x,r) 

is a nondecreasing function of r. Using the fact that 

/ - / \^u\^dy = - / u^ds, 

JB(x,r) JdB(x,r) JdB(x,r) Or 



IB(x,r) 

one can easily get 



E^{x,r) = -f \u\^^/in-2)^y^\d r ^2^^_]_-lj „2^^ 

n JB{x,r) 4 dr JoB{x,r) 4 JdB{x,r) 

t|2"/("-2)rfj/ 



B(x,r) JB{x,r) 



ld_ 
Idr 



'ds - ir-i 



dB{x,r) 



i^ds 



1 
2 

+ 

1 

" 2 



B(x,r) ^ 

1 



dB(x,r) 



dB{x,r) 

du^ n — 2 
dr 2n 



B{x,r) 



4 dr JdB(x,r) 4 Jg 



u ds 



B(x,r) 



dB(x,r) 



ds 



dB{x,r) 



1 -1 /■ 2 , 1 /■ du, 

— -r / u as — - u—ds. 

4 JdB(x,r) 2 jQB(x,r) Or 



ldB(x,r) ^ JdB{x,r) 

We obtain an equivalent formulation of Eu{x,r) 



Eu{x,r) 



1 



S(a;,r) 



(|Vt 



n-2 



n-2 



|^|2„/(„-2)^^^:i^^ 



2n ' ' ^4 

Moreover, using the fact that 

2, „/■ 9m, n — 1 f 

u ds = 2 / u—ds H / 



dB{x,r) 



u^ds (2.5) 



-/ 



dB{x,r) 
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we obtain 



If 2, 1 d f 2, 2 f du , 

— u as — — / u as / '^'^ as 

r JdB(x.r) n-ldr JdB(x,r) n - 1 jQB(x,r) or 



1 d 

n-ldr JdB(x,r 
2 



u 



^ds 



Tl — 1 

Then Eu(x, r) can also be written 



B{x,r) JB{x,r) 



Eu{x,r) 



2(n - 1) JB(x,r) n 4(n - 1) dr JsB{x,r) 

Proof of Lemma \l.l[ To prove that (x,r) i-^ Eu{x,r) is continuous it sufHces to 
prove that 

{x, r) i—> u^ds 

JdB{x,r) 

is continuous with respect to x and r. We have 

U^ds - / |Vu|2 - / |ti|2"/("-2)rfy 



8B{x,r) dr J B{x,r) J B{x,r) 

Thus (a;,r) IdB{x r)"^ continuous, and this allows to get the conclusion. 

Now, to prove that is positive, we proceed by contradiction. If the result is 
not true, then there would exists x € fl and R > such that Eu{x,R) < 0. For 
almost every y in some neighborhood of x, we have 

lim / u—- ds — 



''^O JdB{x,r) d' 

integrating Ey^{x, r) over the interval [0, R] and using the fact that r ^ Ey^{x, r) is 
increasing, we obtain 

^ 1 r^. /■ ,o n-2 



Eu{y,r)dr = - -/ dr {\Vu\' + \u\^^/(r^~^))dx 



n-2 



w ds 



4(n - 1) Jqb[vM) 
< REuiy,R) <0 

which is not possible. This proves Lemma Fl. II □ 

Lemma 2.1. There exist > and some constant c > 0, depending only on n, 
such that 



(|Vup + |?/|2"/(«-2))dy <cii;„(a;,r) 

B{x,r) 



for any r < ro/2. 
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Proof. Using the fact that {x,r) i— > Eu{x,r) is nondecreasing, we have 

rEu{x,r)> / Eu(x,s)ds 
Jo 

Jb{x,s) 



2n - 2 
n - 2 



ds I da 



4(n - 1) Jo JdB(x,s) 
>— r ds I (|Vu|2 + |M|2"/("-2))^y 



2(n-l) n 
>C{nf- f (|Vu|2 + |w|2»/(-2))^y 

where C{n) is a positive constant depending only on n. This gives the desired 
result. □ 

As a consequence of Lemma l2. II we have the following result. 

Lemma 2.2. Assume that there exist xq and tq > such that Eu{xQ,rQ) < e then 

(|Vwp + ^i^|up"/("-2))dy<Ce V 0<r<2ro 

B{x,r) 1^ 

where C is a positive constant depending only on n. 

Proof. Let a^o and rg be such that i?„(a;o,ro) < e and let < r < tq, then for all 
X e B{xq, |) we have 

Bix, ^) C B{xo,r) C B{xo,ro) 

Thus 



2n{n — 


1). 


1 




2(n- 




1 


/ 



|V^prfy+ J" \ [ u^ds 
4(n - 1) dr JdB(xo,r) 



Integrating between and r, we obtain 

rEuixo^ro) 

> /' ds [ (|u|2"/(n-2) + v,,|2) ^ /■ ^2 

'S(2;,f) 4(n - 1) 

>—L_lds[ (|V7.|2 + |u|2"/("-2))d2/ 

/i3(a;,f) 



2(n- 


1) 


1 




2(n- 


1) 


1 




2(n- 


1) 


1 





> _ _/ / (|Vw|2 + |u|2"/("-2))dy 



^9r^^ / (|vup + |.r/("-^))dy. 

2(n-l)2 7B(^_.) 
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Then 



4(n- 1) Jb(x,5) 



thus 

(|VMp + < ^ 2ro. 



■^1 



/B(a;,r) 

This proves the desired resuh. □ 

Proof of Theorem M.SX Without loss of generaHty, we can assume that 2:9 = and 
we denote by B^q the ball of radius rg centered at = . 
We use the idea of Schoen jj^l- For r < ro, we define 

F{y) ^{\- W^'^'Mv) 

Clearly F is continuous over Br , then there exist j/o G Bn such that 

F{yo) = max - \y\Y-'^/My) = - \yo\)'-''-'^^Myo) 
Let < cr < |, for all y G i?^., we have 

^ (r _ |y|)(n-2)/2 <y^) 

sup u{y) < — nfa_2)/2 ™P "(^ 

yes. (2 - y^B^o 

where ctq = \yo\. Let yi G -Bo-q be such that 

u{yi) = sup u{y) 
y&B„g 

We claim that 

2(«-2)/2 

u{yi) < 



Then 



(i-|yol)("-2)/^' 
Indeed, on the contrary case, we get 

W2/i))-^/("-^)<i(^-|yo|) 
Let fi = We have 

2 

(|z - yil < /i take \z\ < i^). Hence 

(r _ I |\(?i-2)/2 

sup uiy) < ^\ 2l u{y,) = 2^-^yMyi) 

y&B,{y,) (iJM)(n-2)/2 

Let v{x) = + i/i). Easy computations shows that v satisfies 

-n + 2 



^^2n/(n-2) 2n 



n - 2 



n - 2 



i;4/("-2)|V«p + w^Ai; 
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On the other hand 

^2„/(„-2)(o) ^ ^^^^^^^^^ ^ ^_ 

Moreover, we have 

supw(a:;) = ^'"^^^^^ sup + yi) 

B^iVl) 

< ^("-2)/22(n-2)/2^(y^) ^ 2("-2)/2. 

Then sup^^ < 2". Therefore, 

„^^2«/(n-2) < C(„)„2n/(n-2)^ 

We conclude that 

For e sufficiently small, we derive a contradiction. It follows that 
supM(y) < 



(i-M)("-2)/2 (I _ |yg|)(n-2)/2 (1 _|y|)(„-2)/2- 

For < r/4, we have 

supu(y) < C(n)/r("-2)/2 

Br 

4 

This in turns proves the Theorem 1 1. 31 □ 

Proof of Lemma \l.4\ We keep the above notations. To show (i), suppose xq S 
Bi \ E, then there exists ri > such that 

liminf i;;„^(xo,ri) < eo- 

i — *oo 

Then, we may find a sequence rij — > cx) as j — > 00 such that 

sup-B„„. (a;o,ri) < eo- 

We deduce from the e- regularity Theorem (Theorem ^21) that 

C 

sup sup \Un,\< 

16 ^ 

for some constant C depending only on n. Then 

Wrij u in C^iB^{xo)) 
a similar argument allows to show that 

Vm„, Vu in CVSii (xo)) 

■' 16 

Then 

as radon measure. Hence = on B^(xq) i.e ^ supp(z^) and then we deduce 

16 

that supp(i^) C S. 
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To show (ii), let us first recall some properties of the function Eu{x,r) that has 
been defined above: 

• For all a; e ri, there exists tq > and a constant C > such that 

(^IV^^P + ^|z.p"/("-2)) < CE^{x,ro) Vr < ^. 
B(x.r) 2 2n 2 

This is explained in the proof of Lemma ll. II 

• Using the fact that Eu{x, .) is increasing on r together with the fact that 

lim Ejx, r) = H° ~ a.e. x e 

we deduce that for ?i°-a.c. a; G S, linv\o /b(2; r) exists, and the density 0(77, .) 
defined by 

e{ri,x) -.^ lim r]{Br{x)) (2.6) 
exists for every x G ft. Moreover, for H^-a.c. x G fl, Qu{x) = 0, where 

Qu{x) := hm / {hyu\' + !^\u\^^)dy. (2.7) 
Now, for r sufficiently small and i sufficiently large 

^|Vu.P + < CK.(x,r) < C(A,f]) (2.8) 

B(x,r) ^ 

where A is given above and C(A, 57) is a constant depending only on A and il. 
Hence 

77(B(x, r)) < C(A, 17) for x G B]" (2.9) 

In particular, this implies that 77 [S is absolutely continuous with respect to ^^"[I]. 
Applying Radon-Nikodym's Theorem we conclude that 

r/[I] = e(j:)H°LS for H°-a.e. X G E (2.10) 
Using ITHl we conclude that 

v(x)^Q{x)n^\T. (2.11) 

for a 7Y°-a.e. x G S (recall that 77 = (i|Vii|^ + ^^|u|^) dx + i/ and supp(i^) C S). 
The estimate on follows from 12.91 □ 

For any y G -B" and any sufficiently small A > 0, we define the scaled measure 
by 

T]y,x(x):^T]{y^\x) (2.12) 

We have the following lemma. 

Lemma 2.3. Assume that {Xj)j satisfies limj^oo Xj = 0. Then, there exist a 
subsequence {Xj> )j' and a Radon measure x defined on ft, such that riy_\., ^ x ^'^ 
the sense of measures. 

Proof. For each i G N, we define the scaled function m^.^.a by 

Ui^vA^) — X'^u^{Xx + y) for y G B^. (2.13) 
Then u^ y x is a solution of 

-Aw = m|w|''/("-2) on B^. 
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In addition, for any r > sufficiently small, we have 
1 . ,2 n — 2 .2k_ 



BAO) 

I f^lVii^l' + '^\u,\^\ dx < C{A,n). 



(2.14) 



'^Ui.y^x\^ + ^^7rr-"l"»,a,Al^"^^" ) {x)dx 



Finally for fixed A, 

,2 n-2 

^ ry(Ax + y) = ?7a,A(a;) 

in the sense of measures as i — > oo. On the other hand letting i tends to infinity in 
(j2.14|l . we conclude that for any r > 

ily,x{Brm<C{n,K). (2.15) 

Hence, we may find a subsequence {A^} of {Aj} and a Radon measure x such that 
?7i/,A' converge weakly to x Radon measure on fi. Then 



lim lim 

j — >oo i — ^CxD 



/l 2'^~2 2n\ 

o|V^*,a,A' I + — \u^,y,x'\~ dx ^ lim r/y,A' (a;) = X 



Using a diagonal subsequence argument, we may find a subsequence ij oo, such 
that 

This proves the Lemma. □ 
Remark 2.4. Observe that 

X(B,(0)) = lim r7^.v.(S,(0)) = lim viByAv)) = e(r;,2/) 

In particular, we deduce that x(i?r(0)) is independent of r. 

3. Proof of Theorem 11.51 

The idea of the proof comes from Riviere jjl] in the context of Yang-Mills Fields. 
To simplify notation and since the result is local, we assume that f2 is the unit ball 
of M". Let (uk) be a sequence of smooth solutions of p.l|l such that 



(llw/cllHiCii) + I|w/c|Il2"/('«-2)(o)) 



is bounded and let v be the defect measure defined above. We claim that for S > 0, 
we have 

lim sup / f|ufe|'"/^""'^ + |VMfep) >e(n) (3.1) 

where eiji) is given by Theorem 11.51 Indeed if (|3.1|l would not hold, we have for 
(5 > and fc € N large enough 



sup 

i/eSi(a;o) J Bsiyo) 



(Kr/("-2) + |v^,,|2) <e(n) 



12 F. MAHMOUDI EJDE-2006/71 

and by Theorem 1 1 . 21 we have 

||Vufc||L~(B.(,)) <C(e)/r"/2 

This contradict the concentration phenomenon and the claim is proved. We then 
conclude that there exists sequences i5fc ^ as fc ^ oo and (yk) C Bi{xo) such 
that 

(\u,\^''/(''-^^ + \Vuk\^)dx^ sup / (|7/fe|2"/("-2) + |Vufcp) 

e(n) 

(3.2) 

In other words, ?/fe is located at a bubble of characteristic size bk- More precisely, 
if one introduces the function 

we have, up to a subsequence, that 

Mfc Uoc in C|^j.(M") as fc ^ cx), 
Vufc ^ Vwoo in Ci^^(R") as fc ^ oo . 

Therefore, 

-Auoo =u„,|u„,|4/("-2) inK". 
This is the first bubble we detect. On the other hand, we have clearly that 

/ (|uooP"/("-'^ + |V7/oo|') dx= lim hm / + |Vt.fep) dx. 

(3.3) 

Indeed: 

lim lim / (|Mfc|2"/^"-2^ + |Viii,|2) 

R — >oo k — *oo 



lim lim 

B.—^OG k—>-OG 



= lim lim 

R^Qc k—>-oo 



+ |VK)p) {6kx + yk) dx 
(|^fc^£^fe(a:)|2"/(»-2) + \Sk^Sk~'Vukix)\^) S]idx 
= lim lim / (\uk{x)\^'"/'^''-^^ + \Vuk{x)\^) dx 

= lim / (|M^(:r)|2"/(n-2)+|Vy^(2,)|2A 

-R^°°Jb„(o) ^ ^ 
(|woo(:E)|'"/^"-'^ + |Vuoo(a:)p) dx. 



BnSf. (Vk) 

Ba{0) 
f 

BnXO) 



Assume first that we have only one bubble of characteristic Sk- We have shown 
that 

e = hm 

k — >oo 



(\VUk\' + \uk\'-/^-'A dx = / (iV^ooP + |^.ooP"/("-'0 dx, 

(3.4) 
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lim lim 

R — *oo k — >oo 



where Q is defined above. It suffices to prove tliat 

(|ufe(a;)P"/("-2) + |Vwfe(a;)p) dx = 0. (3.5) 

In otlier words tfiere is no "neck" of energy which is quantized. 

To simplify notation, we assume that = 0. We claim that for any e > small 
enough, there exists i? > and /cq S N such that for any k > ko and RSk < r < ^, 
we have 

/ (\uk{x)f"/^''^^'> + \S/uk{x)f) dx<e (3.6) 

Jb^JO)\B,(o) ^ ' 

Indeed, if is not the case, we may find Eq > 0, a subsequence k' ^ oo (Still denoted 
k ) and a sequence such that 

/ (|^.,(x)p"/("-2) + |V«fe(x)p) dx>eo, 
> cxD as k ^ oo 

Ok 

Let Q!fc — > such that r^/ak ~ o(l) and a^rk/Sk oo and let 

, N (n-2)/2 , ^ 

Vk[x) = r}, Uk[rkX) 

clearly Vk satisfies 
Therefore, 

/ f |i'fc(a;)P"/("-2) + \Vvkix)\^) dx > e{n) 

Jbj(o)\Bi(o) ^ ^ 
and then we have a second bubble. This contradict our assumption. 

We deduce from (|3.7|l and Theorem II . 21 that for any e < e{n), there exist R > 
and fco G N such that for all k > ko and |a;| > R6k 

\yuk\{x) < C(e)/|xr/2 

where C{e) — ^ as e — > 0. Then 

\Vuk\\x) <Cie)/\x\''. (3.8) 

We define E'^ by 

= meas{a; S R" : \Vuk\{x) > A} 
We have E^ < C{e)/X^; indeed 



{x e R" : |Vufc|(x) > A} C {x e R" : < ^} 

A^ 



I.I" < ^1 < 



and 

mpns i T (= »" • ItI" < - , , 

A2 ; - A2 

We deduce from H3.8|l that 

\\^Uk\\-L2.^(^Cs^^j<C{e) (3.9) 

where L^'°° is the Lorentz space defined in ^l], the weak 1? space, and \\ ■ is 
the weak norm defined by 

||/||l.,o.= sup t^/'nt) 

0<t<oo 
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where /* is the nonincreasing rearrangement of |/|. Indeed 

l!Vufe||L=-(c«„, ) = sup t^/^VukTit) 

n^k' 0<t<cxj 

by definition, 

(V«fc)*(i)=m/{A>0/£;^<t} 
For ah f > such that ^ < t, we have < t. Then 

inf {A > : < t} < inf |a > : < t| 

<i„flA>0:A><^<^»"' 



^1/2 

Hence t^'^{Vuk)*{t) < C{e) and so 

\\^u,h^--(Cs^,j<C{e) (3.10) 

We claim that the sequence (S/uk) is uniformly bounded in the Lorcntz space 
L^'^(i?") (see ^31 for the definition). We prove this claim using an iteration pro- 
ceeding; Indeed, the sequence (uk) is bounded in L'>^(i?"). Then 

is bounded in L"T2(i?") which implies by the elliptic regularity Theorem that 
the sequence (uk) is bounded in W '"+^{B]^). Using the imbedding Theorem for 
Sobolev spaces 

W™'P(Bn C W'''"(Bn a m > r, p > s and m - - = r - -. 

p s 

In particular, W^'"T2(i3") is continuously imbedded in W^'^(i?"). On the other 
hand by Proposition 4 in |14| . we have 

continuously. We then deduce that 

2ti 2(ti-2) 

is bounded in L"+2^ "+2 (i?"). Here, we have used the following lemma. 

Lemma 3.1. If f e P''''{B'l) and a e Q+ , then /" e i-'- (B]"). 

Proof. In the case where a £ N, the result follows from the fact that 

/ e L-^\B^) and g e L^^''(Sn ^ /.<? G L«''-(i3n, 

where ^ = ^ + ^ and r ~ c ^ i (^^^ 0)' general case is a consequence of the 
fact that the increasing rearrangement of the function |/|^ is equal to the puissance 
/9 of the increasing rearrangement of |/| since {f^)* is the only one function verifying 

meas{a: £ R" : /'^(x) > A} = meas{i > : {f'^)* {x) > A} 

This in turns proves Lemma l3. II □ 
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Now, using in Theorem 8], we deduce from (|3.7|l that (Vufe) is uniformly 
mnded in the space L^' 
in L^^^^^^{B['). Then 



, 2n \» 2(re-2) „ 2(ti-2) 

bounded in the space L^'^+^' ' "+2 (B^) — L ' "+2 (B"). Hence {uk) is bounded 



Aufc = -Ufe|«fe|4/(»-2) 

2n 2(,i-2)2 

is bounded in L"+^' ("+2)^ (^")- Hence, again by 1 P Theorem 8], the sequence 

2 2(1-2)'' 

(Vufc) is bounded in L ("+2)^ and by eUiptic regularity Theorem 

2i 2(1-2)3 

is bounded in L"+^' ("+2)'' (i?"). We obtain after p iterations that 

21 2(i-2)P 

is bounded in L"+2' ("+2)1' (B"). We choose p > such that 6p > n, we have in 
particular ^ ^ which gives 

is bounded in L"T2'^(i?"). Here we have used the fact that 
L^'^'H^r) cLP^'=(Br) if 91 < 92 

We use also ^| Theorem 8] to deduce that (Vufe) is bounded 

L^'^(i3"). In particular, there exist a constant C > depending only on n such 

that 

l|V«fc||L2,i(Bi) <C (3.11) 
We deduce from (jXTUjl . (|TTT|) together with the L^'^ - L^'°° duality that 

l|V-Ufc||L2(i3;.\i3„,J < ||VUfe||L2.i(Bi\B^,j||VMfc||L2,oc(Bi\s^,j < C'(e) 

for a constant C{e) — > as e ^ 0. Now, we use the embedding ^ ■j^2n/(n-2) 
continuously, we obtain 

||Ufc||L2i/(i-2)(B„\B^^J < C|lVUfe||L2(B„\B^^J 

< C(e) -> as e ^ 0. 

We deduce that 

lim lim / + |Vufcn(a;)dx = 

This proves Theorem ll.5l in the case of one bubble. 

The case of more than one bubble can be handled in a very similar way and we 
just give few details for m = 2. The proof starts the same until H3.4|l which cannot 
hold any more otherwise we would have had one bubble only as it is (|3.4|l holds. 
It remains to show that: for any e > 0, there are sufficiently large R > and a 
sequence Tj such that for any Rdi < < 1/2, 

n-2, ,2n/(n-2)N 



lim lim / (ttIVw^I + ^^\v^r' '^''~^>) dx ^ , 

(3.12) 



lim / (i|v«,f + ^kr/("-'))dx = 
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where Vi is defined by Vi{y) — ri*^"~^^/^ Ui{riy) , y £ M". 

The proof of (|3.12|l can be done exactly as the proof of (|3.4|l , the case of 2 bubbles 
is then proved. To prove the general case, for any number m > 2, one can follow 
exactly the same strategy. 
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